On the absence of fifth-order contributions to the nucleon mass 
in heavy-baryon chiral perturbation theory 
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We have calculated the contribution of order in the chiral expansion of the nucleon mass in 
two-flavour heavy-baryon chiral perturbation theory. Only one irreducible two-loop integral enters, 
and this vanishes. All other corrections in the heavy-baryon limit can be absorbed in the physical 
pion- nucleon coupling constant which enters in the M^, term, and so there are no contributions at 
M^. Including finite nucleon mass corrections, the only contribution agrees with the expansion of 
the relativistic one-loop graph in powers of M^/mjv, and is only 0.3% of the MjJ term. This is an 
encouraging result for the convergence of two-flavour heavy-baryon chiral perturbation theory. 
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The fundamental degrees of freedom of the strong in- 
teraction are quarks and gluons, but in spite of the many 
successes of QCD in describing high energy phenomenol- 
ogy, a full description of the particles that constitute or- 
dinary matter still eludes us. There is however increas- 
ing interest in the interactions of such particles at low 
energies as new, precise, data on nucleon properties and 
interactions becomes available. For low enough energy 
it has long been known that the interaction of pions is 
governed only by the symmetries of QCD, in particular 
SU(2)xSU(2) chiral symmetry, and a successful system- 
atic effective field theory of pions, Chiral Perturbation 
Theory has been developed. In this theory the pionic 
lagrangian is expanded as a power series, with each sub- 
sequent term having two more derivatives or powers of 
the pion mass than the previous one, and with the lowest 
order being two: Ct^,^ = C^-j^l + C^-nl + . . .. The expan- 
sion is in powers of (//A, where g is a momentum or pion 
mass, and A is the scale of the physics which has not 
been included explicitly, for instance the p meson. Be- 
cause chiral symmetry requires the pion-pion scattering 
length to vanish in the chiral limit as the pion momentum 

(2) 

goes to zero, loop diagrams with vertices from £W only 
contribute at fourth order; divergences are cancelled by 
counterterms in Z^ttr , and so on. At fourth order eight a 
priori undetermined low energy constants (LEC's) enter, 
which have to be fit to data. The current state of the art 
is calculation to sixth order, involving two- loop integrals 

Attempts to expand the success of the pionic theory by 
including nucleons initially ran into difficulties; since the 
nucleon mass is not small, it spoils the expansion of phys- 
ical amplitudes in powers of small quantities (masses and 
momenta) , and the theory is not systematic p] . However 
if the nucleon mass is taken to be infinite, it effectively 
decouples, and the power counting is restored. The La- 
grangian expansion includes both odd and even numbers 



eter is the quark mass; Af^ ~ Mq. Furthermore cor- 
rections for a finite mass can be included systematically, 
with a simultaneous expansion in powers of since 
TOjv ~ A ~ Mp these terms can naturally be fitted into 

the expansion above; thus C^^}, contains terms of order 

1/mjv, and of order 1/m^, etc. 

The heavy-baryon expansion starts by splitting the 
nucleon momentum into two parts, p^, = mv^ + l^, 
with v'^ — 1 and v ■ I <^ m. The projection operators 
= (1 ± i!)/2 are used to split the nucleon spinor 
into two parts, 4* = e~™'"'^(7f -|- /i), and the "small- 
component" degrees of freedom h are integrated out. For 
details, the reader should consult, for instance, Ref. Q|. 

Heavy-baryon chiral perturbation theory (HBCPT) 
has been applied to a number of problems involving the 
electromagnetic properties of nucleons and the interac- 
tion of nucleons and pions. The number of terms to a 
given order however is much larger than in the pionic 
theory; there are for instance seven LEC's in C^^}, and 

(3) 

twenty three in C)rN. So far the full Lagrangian has only 
been worked out to third order, though individual terms 
have been considered at higher order. By no means all 
of the LEC's to third order have been determined from 
experiment. Although many of the calculations which 
have been done show the method to be promising, the 
convergence of the expansion of amplitudes in powers of 
the physical pion mass is hard to judge so far. In partic- 
ular, almost all calculations so far have been to one- loop 
order onlyQ. 

One of the quantities which, through its relative sim- 
plicity, lends itself to such an analysis, is the nucleon 
mass shift due to the finite quark (pion) mass, or equiv- 



of derivatives, 



Only even pow- 



ers of the pion mass enter, since the underlying param- 



* Bernard et al. |^ consider the contribution of two-loop di- 
agrams to the imaginary part of the nucleon isoscalar electro- 
magnetic formfactor, but this does not require the evaluation 
of two-loop integrals. 
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Fig. 1: The one-loop diagram of Solid lines are 

nucleons and dashed lines, pions. 



alently the pion-nucleon sigma commutator, tTTrw = 
M^dm„/dM^, estimated from scattering data to be 
45 ± 8 MeV M. To order q'^ there are two contributions, 
with one LEG which has now been estimated indepen- 
dently from pion-nucleon scattering data |^J^. To order 

more LEC's will enter, for which there we as yet have 
no experimental handle. Borasoy and MeiBner have at- 
tempted to estimate fourth order LEC's in three flavour 
HBCPT through the principle of resonance saturation 
There are however good reasons to distrust three 
flavour calculations, at least without an explicit decuplet, 
since nucleonic excitations which are being kept (such as 
'SK) are much higher in energy than others which have 
been integrated out (the delta and higher resonances) 
0. (Convergence of the three-flavour result also ap- 
pears to be poor However the mass shift is one 
quantity where it is possible to look at the order term 
without knowing the q^ piece, and this is what we have 
done in this paper. 

In order to calculate most quantities to order g^, the 
expansion of the nucleonic Lagrangian up to C^}, would 
be required. The only contribution to S(0) from the fifth 
order term would be a simple counterterm of order M^. 
However the Lagrangian is analytic in the quark masses, 
that is in M^, so such a term cannot exist. (For the same 
reason any irreducible two-loop diagrams must give finite 
contributions to S(0), since there can be no counterterm 
to cancel divergences.) Similarly, in the absence of mass 
insertions of order , cl^}, cannot contribute at this or- 
der. All the relevant Feynman amplitudes for these cal- 
culations can be found in the work of MeiBner et al [||J^] 

(3) 

or, using an alternative form of Ct^n, in that of Mojzis 
lH (who also gives the relevant amplitudes from /litr). 
The heavy-baryon propagator is given by 



(1) 



where the nucleon momentum is written as p — mv + k, 
m is the bare mass, and uj ~ v ■ k. The mass shift 5m — 
mjv — TO is the value of lo for which the propagator has a 
pole at zero three-momentum: 



5m - S((5to,0) = 0. 



(2) 



(Of course the mass shift could be found from the pole of 
the propagator for any three-momentum, but as HBCPT 
is constructed to respect Lorentz invariance, the result 
will not change.) 



In order to solve Eq. |2| to a given order in M^, both 
5m and 2(0;) must be expanded in powers of M^. To 
order M^, E((5to) = S(0), so g 

W^'+W^)=-4ciA4^-M^, (3) 

where the second term comes from the diagram in Fig. 1 . 
Writing as S^") the expression for the 0(q") part of 
E, which will have an expansion 



we obtain 



5to(5) = S(5)(0) -f <5to(2)i](4)'(0) + 5m(3)s(3)'(0) 

+ i((5TO(2))2i](3)"(o) (4) 

where primes indicate derivatives with respect to uj. Any 
calculation in HBCPT yields an answer in terms of the 
bare Lagrangian parameters, M,g,F and to to lowest 
order, which are the first terms in an expansion in pow- 
ers of M of Mtj^QatFtj and m^. It is customary to re- 
place the bare parameters by the physical ones so that 
the lowest order predictions do not change as higher or- 
ders are added. This however gives an extra contribution 
to the higher order calculations. In this case, therefore, 
to the calculation of S^^-'(O) from the diagrams of Fig. 2 
must be added a piece from S('^)(0). Here the relevant 
parameters are and the pseudo-vector TriV coupling 

/xiviv = Sttiviv/TOjv = 9/F{l + 0{Ml)). 

The diagrams which contribute to S^^^ (0) are shown in 
Fig. 2. They consist of two- loop diagrams, and one- loop 
diagrams with either one insertion from £^^2 or >citr, or 
two insertions from d"^},. In all cases only zero external 
momentum is required. The two-loop diagrams shown in 
Fig. 2f-i all vanish trivially. The diagram in Fig. 2a can 
after some algebra be written as (3Af^/4(2d — 3)i^'')/, 
where 



cfil d'^k 1 

(27r)2'i vk{M^ - {k-lfY 



(5) 



This integral can be done by using Feynman parameters, 
first combining the mesonic propagators in the standard 
way and integrating over Z, and then using the identity 
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2^r(p + (7) 
T{p)T{q) Jo {P + 2yQ)P+^ 



to include the heavy-baryon propagator. Integration over 
y and k yields 



^2d-5 2d-2^r(|-d)r(2^) 

~ (47r)''r(2 - f ) 



(6) 



which tends to zero as d ^ 4. 

The same integral also appears in the evaluation of 
Fig. 2b and 2d, and it is the only non-separable two-loop 
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Fig. 3: Contributions to E^''). 
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Fig. 2: Contributions to E*^^^ Solid dots represent in- 
sertions from £^^2 and ^itr , and crosses from £^^2 (both 
include fixed terms from the expansion in 1/tojv)- 



integral which does. Since it vanishes, all the two-loop di- 
agrams 2a-e are proportional to 0/0(0)7 in the notation 
of 0. The integral Jo(0) = -M/8n is the one which en- 
ters the one-loop diagram, Fig. 1, and A^r = 2M'^L{M) is 
just the integral of the meson propagator and diverges as 
l/(d — 4). These divergences are cancelled by the graphs 



,(3) 



and 



of Fig. 2j-l with counterterm insertions from 

, which however bring in the low energy constants 
2di6 — rfi8 from the baryonic, and I3 and I4 from the 
mesonic Lagrangians. (The notation is that of 0|, with 
LEC's defined to absorb the usual factors of log(Af//i); in 
dn — > dn+i and Z„ — > 7„/167r^.) The graphs with two 



insertions from C^i, Fig- 2o-q, are all finite. (Countert- 
erm graphs 2m-o all give vanishing contributions.) The 
final contribution of Fig. 2, with the conventions of [Q, 
is 



.(5) 

^2-loop+CT 



(0) 



852^/5/2^4-3/3 4(2di6"di8) 



327rF2 
, 9' 



F2 

1 



327r2F2 8m2 



9 

^ + 24c2 
m 



(7) 



The next contribution to 5rrS^^ is from the last three 
terms of Eq. ^; the relevant graphs are shown in Fig. 3 
and Fig. 1, and the integrals are finite. The result is 

<5m(3)s(3)'(0) + 5m(2)s(4)'(o) + i(5m(2))2i](3)"(o) 

_ 3g2M5 / 3g2 /J_ 
327rF2 \^ 32^2^2 ^2111 



12ci + 24cf . (8) 



It may be seen that all terms involving the LEC ci vanish 
from the sum of Eqs (0,^). 

Finally we need the contribution to I](5^(0) from re- 
placing the bare constants in S'^'^)(0) with their physi- 
cal values. (The expression for S(3)(0) may be found 
from that for SnrS^^ in Eq. |^ by reinstating the bare cou- 
pling constants.) The diagrams which contribute to the 
renormalised ttN coupling /7rjvjv(= .gTrwiv/^TiN) are given 
in Fig. 4. 

The last diagram of Fig. 4 indicates the contribution 
from the expansion of the pion and nucleon wavefunction 
renormalisation to order M"^. Some comment is required 
about Zjv, which is defined as the residue of the nucleon 
propagator at the pole. This has recently been the sub- 
ject of a paper by Ecker and Mojzis who point out 
a correction which is necessary in order to reproduce the 
results of a relativistic calculation in HBCPT. It arises 
because a nucleon can also be created by the eliminated 
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"small" component of the relativistic nucleon field, and so 
the normalisations of the relativistic and heavy baryons 
do not match. The same correction was included through 
the spinor normalisation by Fearing et al. The net 

effect of including the small-component sources, to order 
, is to give 



Z„ = (l + kV4m^)Z 



HB 



(9) 



where is calculated purely from the HBCPT La- 

grangian. (Whereas in the relativistic theory is a 
constant, in HBCPT it may depend on the on-shell three- 
momentum k.) In the framework of Ref. 0, which we 
have been using here. 



^HB 



1 - kV4m^ 



(10) 



where other terms of order have been suppressed. 
Thus in this framework, the dependence on k cancels 
to this order.Q With this small-component-source cor- 
rection, we find that there are no 0(l/m^) corrections 
to /ttniv- (In fl^ such terms are also shown to be ab- 
sent from gA, so the usual expression for the Goldberger- 
Treiman discrepancy proportional only to dig, 

holds.) Thus we obtain fror the physical pion mass and 
"kN coupling constant. 



7 I 9^ 



(11) 



9_ 

F 



167r2F2 



F2 



Ad 



16 



2d 



18 



9 



and substituting in a^^^ (0) to obtain the final contribu- 
tion to (5m'^' gives 



l-looplU^ 32^^2 1^ g^2p2 p2 

4(2di6 - dis 



(12) 



Collecting all contributions, Eq. (j^,^,|T^), we obtain our 
final result, 
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Ml 
8m2 



(13) 



Thus in the heavy-baryon limit the order contribu- 
tion vanishes, with all corrections being absorbed in the 
physical pion mass and pion-nuclcon coupling constant 
in the Af^ contribution. For finite nucleon mass, the cor- 
rection is just that obtained obtained if the relativistic 
one-loop contribution is expanded in powers of Mt^/tti^ 



^In 12^, Zn in this framework is given wrongly, since the 
0(l/m ) kinetic energy insertion, Eq. CI of M, has been 
missed. We have repeated our calculations in Ecker and 
Mojzis's framework, and obtained the same final result. 
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Fig. 4: Contributions to the pion-nucleon vertex of order 
Ml 



H. (Since the 1/ TTijv terms in the HBCPT Lagrangian 
are constructed to respect Lorentz invariance, this agree- 
ment is reassuring but certainly not surprising.) 

There remains the question of why there is no other 
fifth order correction, apart from the renormalisation of 
the coupling constants of the lowest-order theory and 
1/mjv corrections. In fact the only thing which could 
give such corrections would be irreducible two-loop inte- 
grals from the diagrams of Fig. 2a, 2b and 2d. As detailed 
above, only one such integral enters, and in four dimen- 
sions it vanishes. This vanishing seems to be essentially 
accidental. It does not occur in odd dimensions, nor in 
all probability for unequal meson masses. (We have been 
able to calculate it for one massless and one massive me- 
son in four dimensions, with a finite but non-zero result.) 

Interestingly, it has been conjectured that the main 
contributions at order would come from insertions of 
vertices from in one-loop diagrams and not from gen- 
uine two- loop diagrams Since the two- loop integral 
vanishes, this is trivially satisfied; however the extent to 
which other terms are absorbed in the physical coupling 
constants has not hitherto been realised. 

As set out in Eq. 13, the third and fifth order pieces 
in the expansion of the nucleon mass in powers of M^ 
are now known. For a full picture of the convergence, we 
need to know the second and fourth order pieces. The 
latter have now been calculated, and fall into two 
categories; pieces involving new EEC's from the fourth 
order Lagrangian, and fixed pieces. The latter are very 
small, but the EEC's in the former are not known. As 
well as entering the nucleon mass, these affect the pion- 
nucleon sigma term and TriV scattering. If ci were well 
determined from scattering, the analysis of which has 
currently been carried out only to order g'^, then com- 
parison with the sigma term would tell us whether or 
not there was still a significant discrepency to be made 
up from fourth or higher order contributions. Unfortu- 
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nately the analyses are not sensitive to Ci, though the 
preferred value would leave a substantial M* contribu- 
tion. None-the-less it would appear at least that the odd 
and even power series are converging separately. 
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